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, Abstract. The spherical Radon-Dunkl transform R K , associated to weight functions in- 

variant under a finite reflection group, is introduced, and some elementary properties are 
obtained in terms of /i-harmonics. Several inversion formulas of R K are given with the aid 
of spherical Riesz-Dunkl potentials, the Dunkl operators, and some appropriate wavelet 
transforms. 
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1 Introduction 

Let (x,y) denote the usual Euclidean inner product of x,y £ and §> d = {x : \\x\\ = 1} the 

unit sphere in We use dwk to denote the surface (Lebesgue) measure on a /c-dimensional 

sphere. The spherical Radon transform R is one of the tools in integral geometry, which is 
£2 ; defined, for / £ C(S d ), by 

IT) 

Rf(x) = A d _ 1 [ f(y)dw d . 1 (y), x £ S d , 
CO J(x,y)=0 

o ; 

where ATj^ is the surface area of S d_1 . There are a number of papers devoting to the study of 
the spherical Radon transform R by different methods (see [II [T3l [III [IB [111 [13 Ell [22l [231 [Ml 
!2rJl [271 EB] ) j and to its applications to various problems (see [TD1 [TT] ) . Some deep results 
about R were obtained with the aid of spherical harmonics (see [2T| [22| |25[ 1231 1251 EBl 1271 [28] ). 
and furthermore, R is a special case of the spherical means 



M T f(x) = (1 _^_i)/2 J {x ^ r m^iiv), - e ^ 

by taking r = 0, and also of the spherical Riesz potentials 

ia f(*) = n ( ^r V S / \{x,y)\ a ~ 1 f(y)du; d (y), x £ S d , 



2vr rf / 2 T(a/2) 



by taking the limit lim I a f = Rf in some sense (see [22]). The former is a tool in approximation 

a— >0+ 

on the sphere and the later is one of the research objectives in harmonic analysis on S d . 

The purpose of the present paper is to study an analogous model of the spherical Radon 
transform R in Dunkl's theory. This is based on the definition of the generalized spherical 



*This paper is a contribution to the Special Issue on Dunkl Operators and Related Topics. The full collection 
is available at |http: / / www.emis.de /journals/SIGMA /Dunkl_operators.html| 
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means M*f(x) due to [33] (instead of M*, the notation Tg with r = cos# was used there), in 
terms of the equation 

/ M?f(x)g(T)w XK (r)dT = c K f f(y)V K [g((x, .))](y)h 2 K (y)du; d (y) 
J-i Js d 

for any g in L l {[— 1, l];w\ K ), where w\ K (t) = c^ f . +1/ / 2 (l — t 2 ) XK ~ 1 ^ 2 , V K is the intertwining opera- 
tor associated to a given finite reflection group, and h 2 is the related weight function (for details 
concerning them and other notations in the equation, see the next section). We define R K by 
R K f = Mq/, and call R K the spherical Radon-Dunkl transform. Although is defined im- 
plicitly, it is a proper extension of M T and M® = M T , and moreover, from [5] and [33} 134 4 131) 1 136]. 

shares many properties with M T and plays the same roles in weighted approximation and 
related harmonic analysis on the sphere § rf . One could expect that the spherical Radon-Dunkl 
Transform R K would have similar features to R and be a suitable tool in reconstruction of func- 
tions in weighted spaces. This is the motivation of the paper. Despite less closed representation, 
a further work worth doing is to find applications of R K in geometry or other fields. 

The paper is organized as follows. In Section [2j some necessary facts in Dunkl's theory are 
reviewed, and in Section [31 the spherical Radon-Dunkl transform R K is defined and some of 
elementary properties are obtained in terms of /i-harmonics. Sections 0] and [5] are devoted to 
inversion formulas of R K , which are given by means of spherical Riesz-Dunkl potentials I", the 
Dunkl operators, and some appropriate wavelet transforms. These conclusions generalize part 
of those in [2D E21 E3]. 



2 Some facts in Dunkl's theory 

Let G be a finite reflection group on with a fixed positive root system R + , normalized so 
that {v, v) = 2 for all v G It is known that G is a subgroup of 0(d + 1) generated by {a v : 
v G R+}, where a v denotes the reflection with respect to the hyperplane perpendicular to v, 
i.e. xa v = x — 2((x , v) / (v , v))v for x G Let k be a multiplicity function v i— > k v G [0, +oo) 

defined on R + , with invariance under the action of G. Thus {k v : v G R + } has different values 
only as many as the number of G-orbits in R + . 

The Dunkl operators are a family of first-order differential-reflection operators T>j, 1 < j < 
d + 1, defined by (see [5]) 



V 3 f(x) :=d 3 f(x)+ *v f{X \ f \ X<Tv) (v,e jh 



for / G C 1 (M rf+1 ), where {e, : 1 < i < d+1} is the usual standard basis of As substitutes of 

partial differentiations dj, these operators are mutually commutative. The associated Laplacian, 
called /i-Laplacian, is defined by = T> 2 + • • • + T>^ +1 , which plays roles similar to that of the 
usual Laplacian A = Ao (see 0]). In terms of the polarspherical coordinates x = rx', r = \\x\\, 
the operator A^ can be expressed as (see [33] ) 

. d 2 2X K + 1 d 1 

^■h — ~T\ 2 H ^~ + ~2 A h,0, 

where A^^ is the associated Laplace-Beltrami operator on E> d , and X K = 7 K + (d — l)/2 with 
7 K = Yl k v . If 7 K = 0, i.e. k v = 0, then Dj = dj, 1 < j < d + 1. In the following, we assume 

that 7 K > 0, and so A K > 0. 

For each multiplicity function k, there is a linear operator V K intertwining the partial diffe- 
rentiations and the Dunkl operators (see [B]). Precisely, if V n = V d+l denotes the set of homoge- 
neous polynomials of degree n in d+ 1 variables, then the intertwining operator V K is determined 
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uniquely by V K V n C V n , V K 1 = 1 and T>jV K = V K dj, 1 < i < d + 1. V K commutes with the 
group action and is a linear isomorphism on each V n (n = 0, 1, . . . ). Moreover it is a positive 
operator (see |18| ) and can be extended to the space of smooth functions and even to the space 
of distributions (see [291 ED])- 

The intertwining operator V K allows to introduce some useful tools in Dunkl's theory. For 
example, the Dunkl transform T K is defined in [7] associated with the measure h 2 K dx on R rf+1 , 
where 

k{x) = n i<^>r- 

J- K is a generalization of the Fourier transform T = J-q and enjoys properties similar to those 
of T (see [31 [SEE]). 

For 1 < p < oo, denote by \\f\\ K>p = {c K j §d \f\Ph 2 K du; d } 1/p the norm of / € If(§ d ;hl), with 
c^ 1 = Is* h 2 K du) d , and by ||0||a«, p = { j\ \0\ p w\ K dt} the norm of (p G L p ([-l, l],w\ K ), where 

^A K (t) = c Xk+1/2 (1 - t 2 )^- 1 ' 2 , c x = vr- 1 /2r(A + l/2)/r(A). When p = oo, ||/||oo = ||/IU,oo and 
Halloo = ||0|U,oo are defined as usual. 

The functions in 7in d+l '■= P d+l ^ ker ^-h are called /i-harmonic polynomials of degree n, and 
the spherical /i-harmonics of degree n are their restrictions on E> d . The orthogonality theorem 

n— 1 

in @] asserts that if P G then L d PQh 2 R duj d = for all Q G U Vf +1 , if and only if P is 

/c=0 

oo 

/i-harmonic, i.e. A h P = 0. Moreover L 2 (§, d - h 2 K ) = £ • 

n=0 

If Y^h 2 ,; f;x) is the projection of / G L 1 (S rf ;/i^) to then the /i-harmonic expansion 

of / is given by 



/(X)~^y n (^;/ ;a ;), xG§ d . (1) 

n=0 

The projection Y n (h 2 K ; f\x) takes the form 



Y n (h 2 K -f-x) = c K f(y)P n (hi;x,y)hi(y)du d (y), (2) 

where P n {h 2 K ; x, y) is the reproducing kernel of the space 7in ,d+1 . A compact formula of P n {h? K \ x, y) 
is (see [32]) 



P„(J&*,V) = ^^K[^((x,-))](y), (3) 

Are 

with C^ re , the Gegenbauer polynomial of degree n with parameter A K . It is noted that (see [33] ) 

A ft)0 y„ = -n(n + 2A K )Y n , Y n G H% d+1 . (4) 

When Kj, = for all v G R + , we have Vo = id, and hence, P n (h 2 K ;x,y) reduces to the usual 

t+(d-l)/i 

(d-l)/2 



zonal polynomial for the ordinary spherical harmonics P n {x,y) = "ffn/f d 11 \{ x iU))- 



A useful integration formula for the intertwining operator is 



/ 

•7 s 



F K /(x)^(x)^(x) = C ffi*" + 1} , / /(z)(l - M 2 ) 7 ^V (5) 

The formula is proved in [3T] when / is a polynomial. Applying density of polynomials and 
positivity of V K , this allows us to extend the intertwining operator V K acting on those functions / 
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on the sphere E> d which are restrictions of functions in L 1 (B d+1 ; (1 — |x| 2 ) 7k 1 ), and moreover, 
the formula (0) is true for these functions too and V K f G L 1 (S c( ;/i 2 ). In particular, if € 
1];waJ) then for each y G S d , 



^((x,y)){l-\x\ 2 y*- L dx= r(AK + ^ J <Kt)v>X K ®dt, (6) 

i.e. f(x) = 4>({x,y)) G L 1 (B d+1 ;(l — |x| 2 ) 7k_1 ), and hence V K [<?K(-, y))] is well defined and in 
L 1 (S rf ;/i 2 .). In addition, we have the following symmetric relation 

V K [cj>((;y))}(x)=VM(x,Wy), fora.e. (x,y)£$ d x$ d . (7) 

The validity of ([7]) for polynomials and for all (x, y) G § d x8 rf follows from Gegenbauer expansions 
and the symmetry of the reproducing kernels P n (h 2 K \x,y), If G L 1 ^— 1, 1]; u>a k ) an d </>i is 
a univariate polynomial, then applying ([5]) and ([6]), 

/ |K[(^ - <f>i)((;y))](x) - V K [(</> - </>!)«*, •My)\hl{x)hl{y)dio d (x)du: d (y) 
§ d Js d 

< 2c~ 2 f \cf>(t) - Mt)\wx K (t)dt, 

which implies ((7|) by the density of polynomials mL ([— 1, 1]; w\ K ). Following the above remarks, 
the Funk-Hecke formula for /i-harmonics proved in [32] (for continuous functions there only) 
holds also for 4> G 1, l];w\ K ), that is 

V R [<t>{{-, y))](x)H n (x)h 2 K (x)dw d (x) = L n (0)H n (y) (8) 

s d 

for each H n G Tin +1 and y G 8 d , where 

L n (<P)= [%(t)^^w XK (t)dt. (9) 

The convolution / * K <ft of two functions / G L 1 (S ,i ;/i 2 ) and </> G L 1 ([— 1, 1];u>a k ) is defined 
in [Ml, by 



/ * K </>(x) = c K / /(y)K[0«x, -))](y)K(y)du; d (y). (10) 

The Young inequality concerning such convolution is proved in [M], that is, for p,q,r > 1 with 
r -i _ p-l _|_ ^-1 _ 

||/*^IU,r<||/||^Ww (11) 

A typical example of Dunkl's theory is the case when G = Z d+1 , for which, the function h K (x) 
has the form h K (x) = \xi\ Kl ■ ■ ■ \x d+ i\ Kd+1 and the intertwining operator V K is given by 

„ d+l 
V K f(x) = c K / f{xih,...,x d+1 t d+1 )Y[(l + t i )(l-t 2 )^- 1 dt 1 ---dt d+1 , (12) 

J[-i,i] d+1 f=i 

where c K = c K1 ■ --c Kd+1 . 
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3 The spherical Radon— Dunkl transform 

For / G h 2 ), its generalized spherical means M*f(x) due to [33J is defined by the equation 

J M?f{x)4>(T)w XK (r)dr = f * K <f>[x) (13) 
for any <f> in ^([-l, 1];waJ- Since, for G L°°(S d ), 
1 f(x)(f)(r)wx K (r)dr 



i 



< H ' ik.ill^lloo, 



it follows that, for each x G S d , the function ^(r) = Mff(x) G L x ([— 1, l];it!^ re ). This shows that 
for almost all r G [—1, 1], / is well defined. To give further illustration of Mf, we introduce 
the space W^(S d ; h? K )(C L p (S d ;h 2 K )) of functions for m > 0, such that for / G W^(S d ;h 2 K ), 
there exist some g G L p (§ d ; h 2 ) satisfying Y (h 2 K , f) = Y (h 2 K ,g) and [n(n + 2A K )p/ 2 y n (/i 2 ; /) = 
Y n (h 2 ;g) for all n = 1, 2, . . . . In view of we formally write g = (— A/^q)" 1 / 2 /. It is noted 
that for even m, C m (S d ) C W£(S d ; /i 2 ) (1 < p < oo). The following properties of are proved 
in [331 



Proposition 1. 

(t) Iff (x) = l, thenM«fo(x) = l. 

(ii) For each r G [—1,1], there is an extension of to L p (S d ;h 2 .) (1 < p < oo), or C(S a 
(p = oo), such that 

||M r K /|U, P < ||/|U, P , rG [-1,1]. 



For/GL 1 ^ 2 ), 

Y n (hl;M?f;x) = <%W Yn (hlif-,x), 

L-n (,1) 

and zn partzcu/ar, A hfi (M?f) = M«(A M /) i/A ft)0 / G L^h 2 ). 

Proof. Here we give an independent, but simpler proof for part (ii) as follows. For all (f> G 
L l ([-l, 1]; w Xk ) and g G L p ' (8 d ; h 2 K ) , it follows from that 

(f>(T)€(r)wx K (T)dT = c K / (/ * K (j))(x)g(x)h 2 K (x)duj d (x), 

where £(t) = c K J sd Mff(x) ■ g(x)h 2 K (x)du>d(x). By using ([7|) and (fTUj) . the right-hand side above 
becomes c K L d f(y)(g * K (j))(y)h 2 (y)dLO ( i(y), and then, by applying Holder's inequality and the 
Young inequality (fTT|) . its absolute value is dominated by ||/|| K ,p||5lU, J /|| < ^IU K .,l- This gives that 
sup r6 [_ 1)]L ] |£(t)| < H/IU^IIfflUy, which means that, for almost all r G [-1,1], ||M^/||« ]P < 
||/IU,p- If / is a polynomial, part (Hi) implies that M*f(x) is a continuous function of (r,x) G 
[-1,1] x S d , so that ||M«/|| 

k,p — ||/IU,p is true for all r G [—1,1] in this case. Finally, from 
density of the set of polynomials, for each r G [—1,1], can be extended to all functions in 
L p (S d ;h 2 K ) (1 < p < oo), or C(§ d ). Following this, part (Hi) also holds for / G L 1 ^;^) and 
each r G [—1,1], and moreover, 



M rf-1^7^ Y n (hi;f-,x). (14) 
n=0 Cn W 

We note that when / is even in §> d , M T f is even for r G (—1, 1). ■ 
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The following proposition gives a pointwise description of for a larger class of functions. 

Proposition 2. For f G W^S '; hf.) with m > X K + 1, M£f(x) is a continuous function of 
(t,x) G [-1,1] x S d and 

the series on the right-hand side being absolutely and uniformly convergent. 

Proof. It is noted that for t G [-1,1], |C*»(t)| < C x «(l) = (2A K ) n /n! ~ n 2X ^ 1 |BJ p. 19]. 
From ([2|), for g G L 2 (8 d ;h 2 K ) and all x £ S d we have |Y n (/i 2 ; x)| < ||p||/c,2||-Pn(^«; %, 0IU,2- In 
view of orthogonality of /i-harmonics and from ([3]), 

||P„(/»«;x,-)||2 2 = P ft (^;x,x) < A fi : 1 (n + X K )C^ K (1) ~ A;; 1 ?! 2 ^. 

Therefore |Y n (fr 2 ; ,7; z)| < c\\g\\ K>2 n x « . If / G W 2 (§<*; ft 2 ), then for „ > j Yn (h 2 K J;x) = [n(n + 
2X K )r m / 2 Y n (h 2 K ,(-A hfi ) m / 2 f;x), so that [Y^/* 2 ; /; s )| < c||(-A M r /2 /lk 2 n A «-"\ Hence, 
when m > A K + 1, the series in (I14D converges absolutely and uniformly for (r, x) G [— 1, 1] xS d . In 
view of the uniqueness of /i-harmonic expansion following from its Cesaro summability (see [31] ) , 
the conclusions in the proposition are proved. ■ 

Now we define the transform R K by 

R*f = MSf, 

and call R K the spherical Radon-Dunkl transform. By Proposition Q] (ii), R K f is well defined 
for / G L 1 (S ci ;/i 2 ), and moreover, from Propositions [1] and we have the following corollary. 

Corollary 1. 

(i) For f G LP(8 d ; h 2 ) (1 < p < 00), or f G C(S d ) (p = 00), we ftowe ||i4/lk*> < \\f\\ K , P , and 
00 

fl*/~X;&„r„(/&/;x), (15) 

n=0 

u>/iere 

r , n ; r(A.+i/2) r((n+i)/ 2 ) , 
5 n= J I ^ 2 r(i/2) r(A K +(n+i)/2)' Jorneven, ^ 

[ 0, for n odd. 

(ii) For f G iy^(§ rf ; h 2 .) with m > X K + 1, R K f(x) is a continuous function on S d and 

00 

= ^6 n Y n (/i 2 ;/;*), 

n=0 

where the series on the right-hand side is absolutely and uniformly convergent. 

The numbers b n = C Xk (0)/C Xk (1) are computed by using 10-9(3) and 10-9(19) in [9]. 

The following is a nontrivial example of R K . We consider the group G = Z d+1 , with k = 



(ki,0, ... ,0) and K\ > 0. In this case, h K (x) = \x\\ Kl and the intertwining operator V K in ([12 
reduces to 



VJ(x) = c K1 J l J( Xl t,x)(l + t)(l-t 
where x = (x±,x) with x = (X2, ■ ■ ■ , £<z+i) G 



2 ^ 1 " 1 dt, 
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We shall show that, for / G C(§ ) and for x\ ^ 



M ?f(*)= i 12; / /(^K^^-rr^K^^-rr^), (17) 

Fir 1 Jn T 

where Q T = {y G S d : y = (yi,y) with — r| < and <r is the reflection such that 

xcr = (— xi, X2, . . . , Xd+i)- Indeed, from the above formula for V K , 



V K [<l>({x, -))](y) = c Kl ^ ^(xn/it + (x, y))(l + t)(l- t 2 )^ L dt. 
When yi / 0, taking the substitution of variables t = (r — (x , y}) / (xiyi) , we get 

-))](y) = / ^Kaj.^-Tl^Kxff.j,) -rrdr. 

Substituting this into the definition (|10p of / * K 0, we have 

f* K (j)(x)= f A T f( X )(f)(T)wx K (T)dT 



for all (p G 1) l])' u; A K )) where A T f(x) denotes the expression on the right-hand side of (H 

Then from Ar/(x) = M?f(x), so that flUD is proved. 

Taking r = in ((T7J), we get that, for / G C(S d ) and for xi / 0, 

= CKC ^tt 1/2 / /(y)l^,2/)r i - 1 l(^y)r i ^(y)- 

Fir" 1 M 

4 Inversion formulas for i£ K 

by means of spherical Riesz— Dunkl potentials 

For / G L 1 (S d ; h 2 .) and SRa > 0, a 7^ 1, 3, 5, . . . , we define its spherical Riesz-Dunkl potential /"/ 
by 

I a J(x) = C K , a [ mV^-^-^hKy)^), (18) 
where C ~ ^ r((1 r" )/2) , c 

Proposition 3. For > 0, a / 1,3,5,..., I"f is well defined for each f G L 1 (S d ; h 2 ), and 
moreover, we have the following statements: 

(i) for 1 < p < 00, there exists a constant c > 0, such that for all f G L p (S d ; h 2 .), ||/"/IU,p < 
c ll/IU,p;' 

(ii) if the h-harmonic expansion of a function f G L 1 (S d ;hf.) is given by ([I]), then I%f has the 
following expansion 

00 

i:f(x)~^2b n , a Y n {h 2 K ;f;x), x G S d , (19) 
n=0 

where 



. ,n r((n + 1 - a)/2) 

( — 1)2—— — - — — for n even; 

1 ; r(A K + (n + l + a)/2)' ( 20 ) 
0, /or n odd. 
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The conclusions in the proposition are contained in Proposition 2.9 of [34] . Here we give 
a short presentation. Since I"f = cf * K <fr with <fr(t) = lil"" 1 G L ([— 1, 1]; w\ K ), part (i) follows 
from the Young inequality (fTT|) immediately. For part (ii), since V K (\ (■, y) | a_1 ) G L 1 (S d ;/i^) 
from © and ([6]), we have, using ([2]), ([8]) and ©, 

^n(^;K(|(-,y)r _1 );2;) = L n P n (h 2 K ;x,y), (21) 

where 



-l" C^(l 
From ©, © and CEHD, one can get 

Y n (hl;I«f;x)=C K , a [ f(z)Y n (h 2 K ;V K {\(-,z)\ a ~ 1 ) ] x)h 2 K (z)du; d (z), 

and then applying ([JED, Y n (h 2 K ; 1% f ; x) = b nta Y n (h 2 K ; /; x) with 6 niQ! = c~ 1 C K)a L n . It is clear that 
b n ,a = for odd n. When n is even, we use 7.311(2) in [12], part (v) in p5 p. 19], and some 
properties of the gamma function, to get the stated value of b n ^. 

It is easy to see that (fT9l) and (i20j) allow us to extend the family {/" : > 0, a ^ 1, 3, 5, ... } 
to a larger one, which leads to the following definition. We put II = {a G C : 1,3,5,...}. 

Definition 1. Let a G II. For / G L 1 (§ d ;h 2 .), we define I%f by the following /i-harmonic 
expansion 



I%f~}^b n , a Y n (h z K J;x), xe§", (22) 

n=0 

where b n<a is given by (|20|) . 

It is clear that I%f is well defined for / G C°°(S rf ). In general, I%f may be a distribution on S d . 
Since |6 n>Q | < cra"^"^, then !«/ G L 2 (S d ;h 2 K ) when / G L 2 (S d ;h 2 K ) and Sfta > — A K . For < 
-A K andm>-A«-5Ra, since for n > 1, y n (/£; /; x ) = [n(n + 2X K )]- m / 2 Y n (h 2 K ,(-^h,o) m/2 f;x), 
we also have /"/ G L 2 {§ d ; h 2 ) when / G W^(S d ; We denote by W^ e (§ d ; h 2 K ) the subspace 
of even functions of W^{§ d ;hl). 

Theorem 1. If a, —2X K — a G II and m > max{0, — A K — 5Ra}, tfien J" is an isomorphism 
between W^ e (S d ;h 2 K ) and W 2 l+Xti+ ^ ae (S d ; h 2 ), and 

In fact, proceeding the above process, it is not difficult to show that for / G e (S d ; h 2 ) with 
m > max{0, -A K -Ka}, we have I~ 2XK ~ a I^f = f. For / G h 2 K ) with m' = m+X K +$ta, 

since m' > max{0, — A K — Ka'} with a' = —2X K — a, we again have I~ 2XK ~ a 1% f = f, i.e. 
I^I~ 2X,t ~ a f = f. Combining the two cases proves the theorem. 

To go further, for r G (nonnegative integers) we define 

the identity operator, r = 0, 



where aj = (2X K - 2r + 2j + a - l)(2r - 2j + 1 - a 



A- r H[-A h>0 + aj ], r>l, 
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Lemma 1. If a G II, and r G Z + such that 2r — 2X K — a G II, £/ien /or ei>en re and Y n G r^n' d+1 , 
Proof. From (Tl9!) and (l20l) . we have 

r2r-2A K 



r((n + 2A K - 2r + a + l)/2)r((n + 1 - a)/2) . 



K n ~ T((n + 2r - a + l)/2)r((n + 2A K + a + l)/2) n ' 
Furthermore, from ^j, 

^ , „ w, "tt f n + 2A re + q — 1 \ / n + 1 — a A,. 
P r> a(A ft , )y„ = J] ^ ^ r + ^ 2 + r ~ J ) 

Using the properties of T-functions, the result is obtained. ■ 

The following theorem is a direct consequence of the above lemma. 

Theorem 2. If a £ II, and r G Z + such that 2r — 2X K — a G II and r > X K + Ka/2, then for 
even f G C°°(S ) and g = /"/, we /iaue i/ie inversion formula 

f = P r , a (A K0 )I 2 K r - 2X *- a g. 

Now we turn to the inversion problem of the spherical Radon-Dunkl transform R K . From 
(fT5l) . (fTBI) . f[20|) and ([22]), we see that 



RJ = ^ 1/2 r(A K + 1/2)1°/. (23) 
This consistency can be also seen from the following equalities 

VxT((l - a))/2 kM ; J KV y_! 



Mrf(x)(j)(T )w\ K (r )dr (24) 



in view of CE]) and (HBJ, where 0(t) = l^ " 1 G ^([-1, 1]; w x J. Assume that / G W^(S d ;h 2 K ) 
with m > X K + 1. By Proposition [21 for each x G M£f(x) is a continuous function of 
r G [—1, 1]. Dividing each part of (|24p by T(a/2) and taking limit for a — ► 0+, we regain the 
relation pi . 

From Theorems [T] and [H we obtain the inversion formulas for the spherical Radon-Dunkl 
transform R K . 

Theorem 3. R K is an isomorphism between W^ ie (S d ; h 2 ) and W^ +x e (§ rf j h 2 .) with m > 0, and 



o-i = j 2A K 

K r(A K + i/2) K ■ 

Theorem 4. // r G Z + suc/i t/iai 2r — 2A K G II and r > X K , then for even f G C°°(S d ) and 
g = R K f, we have the inversion formula 



For a special case, we have some simple inversion formulas for R K , which are interesting 
generalizations of those about the usual spherical Radon transform (see [Po l ITBl 122] ) . 
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Corollary 2. If X K is a positive integer, then an even f G C°°(S d ) can be recovered by 
(0 f = c'P r , (A hfi )R K R K f, 

with r = \ K , c' = vr/r(A K + 1/2) 2 , and 

r 

P r ,o(A M ) = 4" r nt" A ^o + (2j - l)(2r - 2j + 1)]; 

and 



(a) / = c "p r :0 (A h j 



RJ(y)V K (\(x,-)\)(y)hl(y)dco d (y) 



with r = X K + 1, c" = -2vr 3 / 2 c K /[r(A K + l)r(A K + 1/2) 2 ], and 

r 

P r ,o(A M ) = 4" r n[- A ^,o + (2j - 3)(2r - 2j + 1)]. 
j'=i 

5 Inversion formulas for R K by means of associated wavelets 

In this section, we shall use, for a suitably chosen ip defined on [0, oo), the wavelet-like transform 

W K f(t,x) = f* K M%), A(r)=t- 1 tp(r/t), (25) 

for (t, x) G (0, oo) x § d , to present the inverse of the spherical Radon-Dunkl transform R K and 
itself. Although R K is defined implicity and the intertwining operator V K is involved in the 
definition of W K , the approaches in studying the usual spherical Radon transform (see |21j . for 
example) could be transplanted to R K . 

The first lemma below reveals a relation of the spherical Radon-Dunkl transform R K with 
the one-dimensional fractional integral, and the second gives a representation of the successive 
action of R K and W K to a function. We shall use a modified notation of the fractional integral as 

B 5 <t>{u) = — - / <P(v){u - v 2 Y L dv, u > 0, (26) 



T(S) 

for 5 > 0, which will simplify some expressions. 

Lemma 2. For even function f G L l (S d ; h 2 .) and < s < 1, we have 

M?(R K f) = ^-i J B Afi (M r K /)(l - s 2 ), (27) 
wx K {s) 

where the action of B\ K to M*f is associated with r-variable. 

Proof. From the product formula of the Gegenbauer polynomial (see [8[ p. 203]), we have 



C^{l)C^{\) Jo Ct(l) 



-wx K -i/ 2 (u)du. 



By Proposition [T] (Hi), the three quotients above are the coefficients of a member Y 2n in 'H^ +1 
under action of M S K , R K (= Mff), and M*^—^, respectively. Therefore, 

M?(R K Y 2n ) = 2 I (M« VI -^Y 2n )w XK _ 1/2 (u)d U . 

J 

Making substitution of variables u = v/y/l — s 2 , (|27[) is proved for Y 2n . By Proposition Q] (ii), 
both sides of ([2"7]) are bounded operators in L 1 (S d ; /i 2 ), and hence, the validity of (|2"7|) for general 
even / G L 1 (S ci ; /i 2 ) follows from density of the set of /i-harmonics. ■ 
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Lemma 3. For even f G L 1 (S d ;/i^) and if) G L 1 ([0,oo);dx), we have 

2A f 1 

= — / M*f{x){B x M{l - s 2 )ds, (28) 
n Jo 

provided the integral on the right-hand side exists with \ f\ and instead of f , ip. 
Proof. From flT3]), and flST]), we have 

M s K (i? K /)(x) • ^(«)w A(( (s)ds = — / j B Ak (M t k /)(1 - s 2 ) • Ms)ds, 
-l n Jo 

and then, substituting the formula for B\ K (M*f) from ()26[) . and making changes of variables, 
we prove the equality in (f28|) . ■ 

Theorem 5. Let 

poo 

/ s j i/j(s)ds = /or all j = 0, 2, 4, . . . , 2[X K ], (29) 



oo 



s /3 |V'(s)|ds < oo for some (3 > 2A K . (30) 



Then for even f G L p (S d ; h? K ) (1 < p < oo), or C(S d ) (p = oo), we have 



\im i\\T € f - f\\ K , p = 0, (31) 



where 



^/W = ^f»^*, e>0, (32) 



wzi/i g = R K f and 



( 2r(i-A re ) 



7T 



oo 

s 2A «V(s)^, »/ A K GN, 







4 (-1)Ak+i roo 



I vrr(A K ) 



(33) 



s 2Ak V(s) log sds, i/ A K G N. 



In addition, lim T e f(x) = f(x) for almost all x G S d . 

Proof. Under the assumptions, by [201 Lemma 4.12], we have Jq 00 |i?A« ; V'( s )l^ s < 00 ■ To 
prove (f3Tj) in general, we only need to show that it is valid for Yi n G H 2 ^ +1 , and 

||T e /|U, p < c||/|U, p , e > 0, (34) 

where the constant c is independent of e. The key step is to rewrite T e into a convolution 
operator with an approximate identity, that is, 

TJ( X ) = 2Ak(Ak + l ) f * K K £ , (35) 
V ' vr(2A + l)<V 

where 

if e (T) = [^ K+ i(r)]- 1 (SA K+ i^) (e' 2 (l - r 2 )) . (36) 
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Indeed, applying Lemma [3] to ([32]) gives that 
2A f 1 

C^TJ(x) = — ^ / M?f(x)K e (s)ds, (37) 

where K e (s) = J e °° ^^'j^ s - dt. Inserting the formula of B\ K ipt from (|26p . and then, making 
changes of variables by t = £ _1 / 2 and v = r/£~ 1//2 , we get 



1 



K e {s) = — — / / ^fa)[£(l - s 2 ) - Tj^] dfjd^ . 

1 jo jo 



Changing order of the integrals, it follows that K e (s) = j£-^K e (s)w\ K (s). Substituting this 
into ([57]) and using (fT3|) yields ([35]) . 

By Lemma 2.4 in [21], we have f °° vT 1 (B\ K+ iij))(u)du = %C^/X K , and B\ K+ iip(u) = 0(u Xfi ) 
for < u < 1, and 0(u~ p ) for it > 1 with some p > 0. From these and in view of ([9]) and (136 j) . 
it follows that 

^2n(A e ) - — / [Bx K+1 1p) 



a k +i Jo v Ak+i ^v e 2 ; (i-^(i) 

« (■ B A,+l^)H s 77x77 77^ ' ( 38 ) 



which approaches to as e ^ +0. For Y"2n G ^2rf +1 > fr° m © we have l2n *k -?Ce = 

L 2n (-ftr £ )l2n) an d by ([35]) . lim T e y n = Y n uniformly on 

e^0+ 

To prove (|34|) . by ([11|) . it suffices to show ||if e ||A re l < c uniformly for e > (essentially for 
< e < 1). In fact, similarly to ([38]) . we have ||if e ||x K ,i = Lq{\K € \), approaching to 



u 1 \(B\ K+ iil))(u)\du < +oo, 



K + 1/2 
A K + 1 

as e — ► +0. Thus ([34]) . and so ([3~T]) . are proved. 

In order to prove T e f to be convergent almost everywhere, we need the associated maximal 
function T*f{x) = sup \T t f{x)\. We shall show that T*/ is dominated by the maximal function 

0<€<1 

introduced in 1 35 1 



kA fl , /o(M- osy |/|)(r E )(siny)^# 
M K f(x)= sup -f- — — , 

o<e<n J (sm ip ) 2Ak - d<f 

for / G L 1 ^;^), that is 

T,/(x) < oMJ(x), x e S d . (39) 

The pointwise estimates of B\ K+ iip(u) can be written as B\ K+ iil){u) = 0(u Xk (u + 1) _Ak_p ), 
which implies the following estimate for K e (cos8) 

e 2 P( sin O)^ 1 

K e (cose) = 0(m € (e)), m t {6)- 



(e + sin#) 2A -+ 2 ^ 



with p > 0. The function m e {9) does not suit the process of integration by part in the proof of 
Theorem 2.6 in [35], since m(0) = 0. Here we give a proof for the case. 
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From (ggp and (135]) . 

|T e /(x)| < c r /2 (M c K ose |/|)(x)m e (0)(sin^) 2A ^0, (40) 
J o 

where the evenness of M*/ is used. Splitting the interval [0, tt/2] into JJ -[2 J 'e, 2 J ' +1 e], we evaluate 
each integral £/j = e separately. For j < 0, since e + sin# x e, we have 

^ ^ "S4t T V^el/IX^m*) 2 ^ < c2 2X ^MJ(x); 
and for j > 0, since e + sin (9 >c 0, 

U i ^ (2 J6 )Sr + 2p + i jf e (M c ^ |/|)(^)( S in^) 2A «^ < c2^ 2 «.M K /(x). 

Collecting these estimates into ([30"]) yields ([39]) . 

By Theorem 2.1 in [2], T* is of weak (1,1), and strong (p,p) boundedness. Combining with 
the uniformly convergence of T € for /i-harmonics, for general / G L x (S rf ; /i 2 ), T e / converges to / 
almost everywhere. The proof of Theorem [5] is completed. ■ 

In the following, we state two theorems, without proof, which are analogs of Theorems 1.2 
and 1.4 in [21]. One is about the reproducing property of the spherical Radon-Dunkl trans- 
form R K , and the other illustrates the range R K (L l (E d ; h 2 K )). 

Theorem 6. Let 

poo poo 

/ i/j(s)ds = 0, / |^(s) log s\ds < oo. 
Jo Jo 

Then for f G L p (S d ; h 2 K ) (1 < p < oo), or C(S d ) (p = oo), we have 
lim \\f e f - R K f\\ K , p = 0, 

e— »0+ 

where fj(x) = C^ 1 / e °° r 1 ^/)^, x)dt (e > 0), with C> = 2c Ak / °° xjj(s) log ±d«. 

Theorem 7. Lei V safe/?/ conditions ([29]) and ([50]). 3 G L p (S d ;h 2 K ) (1 < p < 00), or C(8 d ) 
(p = 00), and Cff, 7^ be the constant in (I33|) . T/ien i/ie following statements are equivalent: 

(i) g£R K (L p (§ d ;h 2 K )); 

(ii) the integrals S e g = t~ 2XK ~ l (W K g)(t, x)dt converge in the L p (S d ; h 2 )-norm. 

If 1 < p < 00, then (i) and (ii) are equivalent to 
(Hi) sup HSetflLp < OO. 

£>0 
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